In this paper we study probabilistic aspects such as (cyclic) subgroup commutativity degree and (cyclic) factorization number of ZM-groups. We show that these quantities can be computed using the sizes of the conjugacy classes of these groups. In the end, we point out a class of groups whose (cyclic) subgroup commutativity degree vanishes asymptotically.
Introduction
The probabilistic aspects of finite groups theory constitute a topic which is regularly studied in the last years. The relevant results obtained in [3] and [5] - [10] using the commutativity degree of a finite group G, which measures the probability that two elements of the group commute, had a major impact on the research related to the probabilistic aspects associated to groups. Therefore, inspired by the previously mentioned concept, the subgroup commutativity degree and the cyclic subgroup commutativity degree of G were introduced in [16] and [19] , respectively. These quantities measure the probability that G is an Iwasawa group, i.e. a nilpotent modular group, and they are defined by
where L(G) and L 1 (G) denote the subgroup lattice and the poset of cyclic subgroups of G, respectively. In other words, the (cyclic) subgroup commutativity degree represents the probability that two (cyclic) subgroups of G commute. There is a major interest in finding explicit formulas for these two concepts under the assumption that G belongs to a well known class of finite groups. As a consequence, one can study the asymptotic behavior of sd(G) and csd(G). For such kind of results, we refer the reader to [16, 19, 21] . Another remarkable quantity associated to a finite group G is its factorization number which is denoted by F 2 (G). This number is obtained by counting the pairs (H, K) ∈ L(G) 2 satisfying G = HK. These pairs of subgroups are called factorizations of G. The factorization number of G was studied in [2, 11, 17] and it is strongly connected with sd(G). More exactly,
In [20] , the cyclic factorization number of a finite group G, denoted by CF 2 (G), was introduced and it was obtained by counting the pairs (H, K) ∈ L 1 (G) 2 such that HK = G. Obviously, the connection between CF 2 (G) and csd(G) is similar to the one between F 2 (G) and sd(G), and it is given by
Our aim is to study these four probabilistic aspects for ZM-groups.
The paper is organized as follows. Section 2 recalls the structure of ZM-groups as well as some of the properties of this remarkable class of groups. Explicit formulas for the (cyclic) factorization number of ZM-groups are obtained in Section 3. Section 4 covers the main results of the paper. More exactly, we find an explicit formula that allows us to compute the (cyclic) subgroup commutativity degree of ZM-groups, we show that our results generalize the ones obtained for dihedral groups in [16, 19] , and we indicate a class of groups whose (cyclic) subgroup commutativity degree vanishes asymptotically. We end the paper by suggesting some open problems in the last section.
Most of our notation is standard and will usually not be repeated here. Elementary notions and results on groups can be found in [4, 13] . For subgroup lattice concepts we refer the reader to [12, 14, 15] .
Properties of ZM-groups
The aim of this Section is to recall some of the properties of ZM-groups that will be further used in our study. We will start by describing the structure of these groups, we continue by indicating the lattice of subgroups and the poset of cyclic subgroups for this type of groups and we discuss about its conjugacy classes.
According to [4] , a ZM-group is a finite group with all Sylow subgroups cyclic and it has the following structure
where the parameters (m, n, r) ∈ N 3 are satisfying the conditions (m, n) = (m, r − 1) = 1 and r n ≡ 1 (mod m). The order of ZM (m, n, r) is mn and the above properties of the triple (m, n, r) force m to be an odd positive integer. In [1] , the subgroups of a ZM-group were completely described by showing that there is a bijection between the set
and L(ZM (m, n, r)). Moreover, for each triple (m 1 , n 1 , s) ∈ L, the corresponding subgroup of ZM (m, n, r) is
. Also, according to [18] , there is a bijection between the set
and the poset of cyclic subgroups L 1 (ZM (m, n, r)). Hence, the (cyclic) subgroups of a ZM-group are fully described.
The conjugacy classes of a ZM-group will play an important role in our study. Therefore, we continue our short review on this class of groups, by recalling some properties of the set of conjugacy classes of an arbitrary group. We mention that the reader may find the proofs of the following facts in Section III.3 of [14] . We will denote the set of conjugacy classes of a group G and the conjugacy class of a subgroup H ∈ L(G) by C (G) and [H], respectively. If G is finite, then (C (G), ≤) is a poset, the partial ordering relation being defined as follows:
Moreover, a finite group G has all Sylow subgroups cyclic if and only if C (G) is isomorphic to the lattice of all divisors of |G|. Also, two subgroups of a finite group G whose Sylow subgroups are cyclic, are conjugate iff they have the same order. Applying these results for a ZM-group, we infer that
Also, since (m, n) = 1 and there is an isomorphism between C (ZM (m, n, r)) and the lattice of divisors of mn, we have
We end this Section by noticing that the size of the conjugacy class [H(m i , n i , 0)] ∈ C (ZM (m, n, r)) is given by
as it was proved in [1] .
3 The (cyclic) factorization number of a ZM-group
Our main purpose in this Section is to find some formulas which allow us to compute explicitly the (cyclic) factorization number of a ZM-group. We will obtain two expressions which involve the sizes of some conjugacy classes of a ZM-group. Hence, the computation of the (cyclic) factorization number is reduced to summing some products of greatest common divisors of two positive integers.
Theorem 3.1. The factorization number of ZM (m, n, r) is
In particular, we have
Proof. Using the correspondence between the subgroup lattice L(Z(m, n, r)) and the set L, we can identify the entire group Z(m, n, r) with H(1, 1, 0). We are interested in counting the pairs (H(m 2 , n 2 , x), H(m 3 , n 3 , y)) ∈ L(H(1, 1, 0)) 2 such that H(m 2 , n 2 , x)H(m 3 , n 3 , y) = H(1, 1, 0). We have
The last equality holds according to (1) . Moreover, since (m, n) = 1, the relation is further equivalent to
We recall that any two conjugate subgroups are isomorphic and each conjugacy class of a ZMgroup contains its subgroups that have the same order. Hence, if (H(m 2 , n 2 , x), H(m 3 , n 3 , y)) is a factorization of H(1, 1, 0), then (H 2 , H 3 ) is also such a factorization for any
]. These facts lead us to expressing the factorization number of ZM (m, n, r) as follows:
where m 2 , m 3 and n 2 , n 3 are divisors of m and n, respectively. Using (2), we obtain the desired explicit formula since
The same argument can be repeated to obtain the explicit formula for the cyclic factorization number of a ZM-group. This time we are working only with cyclic subgroups, so the divisors m 2 , m 3 of m and the divisors n 3 , n 3 of n must satisfy the supplementary property given by L 1 , i.e. 
In particular, we have CF 2 (ZM (9, 4, 8)) = 36.
The (cyclic) subgroup commutativity degree of a ZMgroup
As we stated in Section 2, the subgroup commutativity degree of a finite group can be computed explicitly if we know all the factorization numbers of its subgroups. More exactly, we have
We mention that, for a ZM-group, the total number of its subgroups was found in [1] and it is given by
Hence, to obtain the subgroup commutativity degree of Z(m, n, r) we must find an explicit form for the sum H(m1,n1,s)∈L(ZM(m,n,r)) n 1 , s) ). Two conjugate subgroups have the same factorization number because they are isomorphic. Hence, we may write the same sum as
We will denote by f m1,n1 the quantity F 2 (H(m 1 , n 1 , 0)). Our next aim is to provide a formula which allows us to compute this parameter. We will denote by (c 1 ), (c 2 ), (c 3 ) the conditions:
Lemma 4.1. Let ZM (m, n, r) be a ZM-group and H(m 1 , n 1 , 0) be one of its subgroups. Then
Proof. We begin our proof by characterizing the fact that (H(m 2 , n 2 , 0), H(m 3 , n 3 , 0) ) is a factorization of H(m 1 , n 1 , 0) . Using the isomorphism between the lattice of divisors of mn and C (ZM (m, n, r)) and taking into account that (m, n) = 1, we have
Since conjugate subgroups are isomorphic, if the pair (H(m 2 , n 2 , 0), n 1 , 0) ]. Taking into account these aspects and the properties of the divisors m 1 , m 2 , m 3 and n 1 , n 2 , n 3 of m and n, respectively, we obtain the desired explicit form of f m1,n1 .
Using Lemma 4.1., the quantities f m1,n1 can be computed for each divisors m 1 of m and n 1 of n. Consequently, the subgroup commutativity degree of a ZM-group is given by the following result. 
In particular, we have sd(ZM (9, 4, 8) 
The number of cyclic subgroups of a ZM-group was obtained in [18] and its value is
The connection between the cyclic subgroup commutativity degree of ZM (m, n, r) and the cyclic factorization numbers of its subgroups is given by (H(m 1 , n 1 , 0) ).
If we denote the quantity CF 2 (H(m 1 , n 1 , 0) ) by cf m1,n1 and we repeat the arguments which were used in the proof of Lemma 4.1., we obtain the following two analogous results which allow us to compute explicitly the cyclic subgroup commutativity degree of a ZM-group.
In particular, we have csd(ZM (9, 4, 8)) = 17 25 .
Before we prove our next result, we introduce the function g : N −→ N given by
which was used in [16] to express the subgroup commutativity degree of the dihedral group D 2m , where m ≥ 3 is a positive integer. This function is multiplicative and for any prime number p and α ∈ N * , we have
Now, we will find an explicit form of the results given by Theorem 4.2. and Theorem 4.4. for a particular class of ZM-groups.
Proposition 4.5. Let ZM (m, n, r) be a ZM-group such that n is a prime number. Then (i)
Proof. We remark that the properties r n ≡ 1 (mod m) and (m, r − 1) = 1 leads us to stating that (m 1 ,
Since n is a prime number, the subgroup commutativity degree of ZM (m, n, r) is
According to Lemma 4.1., the quantities f m1,1 and f m1,n are 
The proof is finished once the replacements are made in (3).
(ii) The cyclic subgroup commutativity degree of ZM (m, n, r) is given by
since the only divisor of m which divides r − 1 is 1 and all divisors of m divide the quantity rresults concerning the (cyclic) factorization number of ZM (m, n, r), which were obtained in Section 3, generalize the formulas provided by [11, 20] for the same concepts associated to dihedral groups. Our final result points out a new class of groups whose (cyclic) subgroup commutativity degree tends to 0 as the orders of the groups tend to infinity. Proof. Both results easily follow using the explicit formulas given by Proposition 4.5. in the particular case m = p α . We have τ (p α ) = α + 1, σ(p α ) = 
Conclusions and further research
The probabilistic aspects of finite groups theory constitute a fruitful research topic and the connections between them may establish new relevant results. We end our paper by indicating the following three open problems. 
